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Abstract: Relating microstructure to properties, electromagnetic, mechanical, thermal and their couplings 
has been a major focus of mechanics, physics and materials science. The majority of the literature 
focuses on deriving homogenized constitutive responses for macroscopic composites relating effective 
properties to various microstructural details. Due to large surface to volume ratio, phenomena at the 
nanoscale require consideration of surface energy effects and the latter are frequently used to interpret 
size-effects in material behavior. Elucidation of the effect of surface roughness on the surface stress and 
elastic behavior is relatively under-studied and quite relevant to the behavior of nanostructures. In this 
work, we present derivations that relate both periodic and random roughness to the effective surface 
elastic behavior. We find that the residual surface stress is hardly affected by roughness while the 
superficial elasticity properties are dramatically altered and, importantly, may also result in a change in its 
sign----this has ramifications in interpretation of sensing based on frequency measurement changes due 
to surface elasticity. We show that the square of resonance frequency of a cantilever beam with rough 
surface decreases as much as three times of its value for flat surface.     
 
I. Introduction 
 
   For a cubic piece of copper with 1 nm sides, nearly 64% of atoms reside on the 
surface. This simple fact makes apparent the enormous role surfaces play at the 
nanoscale. Surface atoms have different coordination numbers, charge distribution and 
subsequently different physical, mechanical and chemical properties. These differences 
are manifested phenomenologically in that the various bulk properties such as elastic 
modulus, melting temperature, electromagnetic properties among others are different 
for surfaces. For example, experiments show that some surfaces are elastically softer 
(Goudeau et al., 2001; Hurley et al., 2001; Villain et al., 2002; Sun and Zhang, 2003; 
Workum and Pablo, 2003), while others stiffer (Renault et al., 2003).  These differences 
play an increasing role as the material characteristic size is shrunk smaller and smaller--
--for example, leading to size-dependency in the elastic modulus of nanostructures.  
 
   Surface energy effects are usually accounted for via recourse to a theoretical 
framework proposed by Gurtin and Murdoch (1975, 1978). The surface is treated as a 
zero-thickness deformable elastic entity possessing non-trivial elasticity as well as a 
residual stress (the so-called “surface stress”). It is worthwhile to indicate that while 
fundamentally similar, a parallel line of works exists that are more materials oriented: 
Cahn (1989), Streitz (1994), Weissmuller and Cahn (1997), Johnson (2000), Voorhees 
and Johnson (2004) and Cammarata (1994, 2009a, 2009b) among others. The reader 
is referred to an extensive recent review by Cammarata (2009) on the literature. 
Steigmann and Ogden (1997) later generalized the Gurtin–Murdoch theory and 
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incorporated curvature dependence on surface energy as well thus resolving some 
important issues related to the use of Gurtin-Murdoch theory in the context of 
compressive stress states and for wrinkling type behavior.  
 
   A fair amount of literature has appeared that explain various interesting size-effects 
due to surface energy effects, e.g. nanoinclusions (Sharma et al. 2003, Sharma and 
Ganti, 2003, Sharma, 2004; Sharma and Ganti, 2004; Duan et al., 2005a, 2005b; He 
and Li, 2006; Lim et al., 2005; Mi and Kouris 2007; Sharma and Wheeler, 2007; Tian 
and Rajapakse, 2007, 2008; Hui and Chen, 2010), quantum dots ( Sharma et al. 2002, 
2003; Peng et al., 2006), nanoscale beams and plates (Miller and Shenoy, 2000; Jing et 
al. 2006; Bar et al. 2010; Liu and Rajapakse, 2010), nano particles, wires and films 
(Streitz et al. 1994; Diao et al. 2003, 2004; Villain et al., 2004; Dingreville et al., 2005; 
Diao et al., 2006) on sensing and vibration (Lim and He, 2004; Wang and Feng, 2007; 
Park and Klein, 2008; Park, 2009), composites (Mogilevskaya et al., 2008) and studies 
on surface properties (Shenoy, 2005; Shodja and Tehranchi, 2010; Mi et al., 2008).  
 
   Some recent works are worth mentioning as they provide clarifications and guidance 
on some of the theories underlying surface energy effects, e.g. Ru (2010), 
Mogielvskaya (2008, 2010) and Schiavone and Ru (2009). Huang and co-workers 
(Wang et al., 2010; Huang and Sun, 2007) have pointed out the importance of residual 
surface stress on elastic properties of nanostructures and composites.  
 
   Surfaces of real materials, even the most thoroughly polished ones, will typically 
exhibit random roughness across different lateral length scales. How are the surface 
properties renormalized due to such roughness? Can the surface roughness be 
artificially tailored to obtain desired surface characteristics? These questions are at the 
heart of the present manuscript. We provide a homogenization scheme for both 
periodically and randomly rough surface duly incorporating both surface stress and 
surface elasticity. Very little work has appeared that addresses effect of roughness on 
both surface stress and surface elasticity. Notable exceptions are the following recent 
works: Wiessmuller and Duan (2008) who focus on deriving the effective residual stress 
for the rough surface of a cantilever beam and their follow-up work by Wang et al., 
(2010) who generalized it to the anisotropic case. We will present a comparison of our 
work to theirs in due course. One specific difference is that we also derive effective 
superficial elasticity constants and not just the residual surface stress. The outline of 
this paper is as follows. In Section II we briefly summarize the Gurtin-Murdoch surface 
elasticity theory and formulate the problem while in Section III we present our general 
homogenization strategy. In Section IV, specializing to the 2D case, we present results 
for both randomly and periodically rough surfaces. Discussion of our results is in 
Section V. In this section, we compare our work with that of Duan and co-workers 
(2008) as well as discuss some of the important ramifications of our results including the 
interpretation of resonance frequency shift of a cantilever beam used for sensing. 
Several of the derivation details are spread across five appendices.  
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II. Surface Elasticity 
 
    Consider a semi-infinite elastic media that occupies the 
region ( ) ({ )}, , : ,B x y z y h x z= < , where the function ( ),h x z describes the surface 
roughness. We denote the bulk and boundary of the media by B  and B∂ , respectively. 
Let be the fourth-rank bulk stiffness tensor and assume there is no applied body 
force. In linearized elasticity, the displacement satisfies the equilibrium 
equation 
^
3→ \:u B
 
                                                   [ ]div 0u∇ =^   inB . (1) 
 
These equations will be supplemented by traction boundary conditions on the rough 
surface, which we describe below in detail.  
 
    We employ the linearized surface elasticity theory of Gurtin and Murdoch (Gurtin and 
Murdoch, 1975; Gurtin et. al., 1998). In this theory the surface is modeled as a 
deformable elastic membrane that adheres to the bulk material without slipping. Let  
be the outward unit normal to the surface, 
ne
 
                                                        n ne e= − ⊗P I     (2) 
 
be the projection from  to the subspace orthogonal to , and 3\ ne
 
                         { }3 31 0, 0,: Tn nM M Me M e M ×= = = ∈\        (3) 
 
be the subspace, where surface strains belong to. Then the surface strainε s  is given by 
 
             ,   ( )su u∇ = ∇ P sDu u= ∇P ,  ( )( )12 TDu Duε ε= = +s P P   on  B∂ ,         (4) 
 
where s∇ denotes the surface gradient. We remark that the above equations follow from 
the kinematic assumption that displacements are continuous up to the surface.  
 
   Let be the magnitude of the residual isotropic stress tensor (often referred to as 
the surface tension),  be the identity mapping from 
0τ ∈\
s =I IP P 1M to 1M , sλ and sμ be the 
surface elastic constants (Láme parameters), and symmetric matrix 0s 1Mε ∈ be the 
residual/eigen surface strain such that 0 0s s sε τ I    = −^ on B∂ . We adopt the linear 
isotropic surface constitutive law from Gurtin and Murduch (1975), equation (8.6) 
 
 3
                                            ( )0-s sS ε ε= ^ s     on    B∂ , (5) 
where ( )
0
0
2s ss s
τε λ μ
−= + I ,   is the (first) Piola-Kirchhoff surface stress tensor, and S s^ is 
the isotropic surface elasticity tensor such that for any symmetric , 1E M∈
 
                                    ( ) ( ) 2s ss sE Tr E Eλ μ= +^ I     on      B∂ . (6) 
 
    We remark that the surface constitutive law used here (equation 5) is different than 
Gurtin and Murdoch by a term of 0 suτ ∇ . This term leads to asymmetry of the surface 
stress tensor and quite a few works have chosen to ignore its presence completely (as 
justified in some cases). The reader is referred to Ru (2010), Mogilevskaya et al. (2008) 
and Huang (2010) for further discussions on this subject. We anticipate that if 
0 ,s sτ λ μ , the effect of this term is negligible. In Appendix E, we will assess its impact 
in detail and for the remainder of the calculations, this term will be ignored. 
  
    The equilibrium of any sub-surface of B∂  implies that 
 
                                      ( ) ( )0div -sn s s su e ε ε⎡ ⎤∇ = ⎣ ⎦^ ^    on  B∂ . (7) 
 
The above equation can also be regarded as boundary condition for (1). In summary, 
equations (1) and (7) form the boundary value problem for linearized elasticity with 
surface effects. 
  
    Further, within a non-consequential constant, the elastic energy contributed by the 
surface is given by (Gurtin and Murdoch, 1975, equation 9.3 and theorem 9.1) 
 
                                       [ ] ( ) ( )0 012 s s sBu ε ε ε ε∂ ⎡ ⎤Γ = ⋅⎣ ⎦∫ ^- -s s . (8) 
 
Below we consider the effective behaviors of a rough surface. 
 
 
 
III. Homogenization Strategy and Problem Formulation 
 
    In this section we outline our homogenization strategy for a rough surface. We 
assume the amplitude of the roughness h is small compared with the average distance 
λ  between successive ‘peaks’ or ‘valleys’ on the surface, 1hδ λ=  . This 
dimensionless number will be the small parameter used in our subsequent perturbation 
calculations.  The overall half space is subject to a uniform in-plane stress ˆσ σ σ∞= , 
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where σ ∞ is the magnitude ofσ  and σˆ  with ˆ 1σ = is any plane-stress ( xz -plane) tensor. 
By (1) and (7) our original problem is to solve for : 3:u B→ \
 
               
( )
( )
( )
( )0
as
⎡ ⎤⎣ ⎦
(1u
0 i
div 0                                    
div -      sn s s s
x x
u in B
u e on
u e e y
ε ε
σ∞
⎧ ∇ =⎪⎪ ∇ =⎨⎪ ∇ =⎪⎩
^
^ ^
^
  ,
,
.
B∂
→ ∞
+ ⋅⋅ ⋅
 (9) 
 
    Due to the presence of the non-trivial boundary condition (9)2, we will find the solution 
via perturbation theory. We assume that the solution to (9) can be expanded as 
 
(10)                                            (0) ) 2 (2)uδ δ= + +u u
( )iu
 
Inserting (10) into (9), by (9)1 and (9)3 we have 
 
                                   div   ⎡ ⎤∇ =⎣ ⎦^ 0,1,2=        in 0B , 
                                   ( )(0) x x∞=u e∇ eσ^                    as   y →∞ ,                           
                                   ( )     as   ( ) xu e 0 1,2,i i∇ = =^ " y →∞ ,  
(11)
 where ( ){ }0 , , : 0B x y z y=
0i =
< . We notice that the boundary conditions at the infinity are 
homogenous unless . 
 
    The boundary conditions on the rough surface, i.e., (9)2, can be converted to an 
effective boundary condition on the nominal flat surface 0B∂ . To this end, we assume 
that the displacement on B∂
0
can be obtained by extrapolating from the displacement 
and their derivatives on B∂  through Taylor series expansion. Upon tedious calculations 
that are outlined in section IV, we find the boundary conditions on the nominal flat 
surface as 
                                   ( )( ) ( )t2u ei i∇ =^    0,1,2i =     on 0B∂ , (12)
 
where the detailed expressions for surface traction ( )it are presented in section IV.I. for 
sinusoidal rough surface and random rough surface. Upon solving (11) and (12) 
for , we can find the total elastic energy of the half-space as a function of the 
applied far field stress 
( ) )iu  (i=0,1,2
( ) ( ) ( ) ( )
( ) ( )
( ) (
0 0
(0) (1)
) ( )
(2) (0) (1) 2 (2)
(0) (1) ( 0 (0) (1) 2 (2) 0 3
1 1
2 2
1
2
1 ,
2
act
sB B
B
s s s s s sB
E u u
u u u u u u
u u u u u O
ε ε ε
δ δ δ δ2
2
σ ε
2)
s s
su
               
                 + δ δ ε
⋅
∇
^ ^
^
δ δ δ
∂
∂
= ∇ ⋅ ∇ +
= ∇ + ∇ + ⋅ + ∇ + ∇
⎡ ⎤∇ + ∇ ∇ − ⋅ ∇ + ∇ + ∇ −⎣ ⎦
∫ ∫
∫
∫ ^
s s- -
ε +
∞
∇
+
 (13)
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where , the solution of (9), depends on the far applied stress ( )  (i=0,1,2)iu σ ∞ , and the 
first and second term on the right hand side of (13) is the elastic energy contributed by 
the bulk and surface, respectively.  
 
    We will approximate this elastic body with rough surface by a half-space solid with a 
flat surface where the flat surface has effective properties different from the original 
rough surface. To define the effective properties of the surface, we propose to equate 
the total elastic energy of the rough-surface half space ( )actE  to the total elastic energy 
of a half space with a nominal “effective” flat surface ( )effE  
 
( ) ( ) ( )( ) ( )( )0 0(0) (0) (0) 0 (0) 01 12 2 eff effeff effs s sB BE u u u uσ ε∞ ∂= ∇ ⋅ ∇ + ∇ − ⋅ ∇ −∫ ∫^ ^ ε , (14)
 
where is the effective surface residual strain and ( )0 effsε effs^ is the effective surface 
elasticity tensor. By 
 
                                                  ( ) ( )act effE Eσ σ∞ ∞= , (15)
 
we can find the effective surface stress and effective surface elastic modulus. 
 
 
    Next we consider the case when the surface roughness profile is random. Because of 
the randomness, it is useful to introduce the operator P (called “smoothing operator”, 
Eguiluz and Maradudin, 1983) and  such that Q
 
                  ( ),             1,          i i i i iPu u P Q u P Q u u Qu= + = ≡ + = i+
)
. (16)
 
    In order to find the displacement ( , ,iu i x y z= , we need to find its average iu over 
the ensemble of realization of the surface roughness and its fluctuation component . 
Direct calculations show that the average field satisfies an effective (non-stochastic) 
problem that is formally similar to the flat surface problem. So in this case we have 
iQu
  
                                       ( )( ) 0idiv u∇ =^    0,1,2i =     in 0B  (17)
with ensemble average of boundary conditions  
 
                                     ( )( ) ( ).i i2u e t∇ =^    0,1,2i =     on 0B∂ .                   (18)
 
     To solve these boundary value problems as will be seen later, we need to find the 
-terms which similarly satisfy the equilibrium equations.  Q
 6
 
                                      ( )( )( ) 0idiv Q u∇ =^    0,1,2i =      in 0B  (19)
with boundary conditions  
 
 
                                   ( ( )( )) ( )( )i i2u e Q t∇ =      on 0B∂  0,1,2i =Q^ .        (20)
    ve surface properties of the surface, we propose to equate the 
nsemble average of the total elastic energy of the half space with rough surface, 
 
To define the effecti
e
( )actE σ ∞ , with the total elastic energy of a half space with a nominal “effective” flat 
( )surface, effE σ ∞ , endowed with effective surface stress and surface elasticity 
 
                
constants: 
                                  ( ) ( )eff actE Eσ σ∞ ∞= . (21)
The above equation will enable us to find the effective surface stress and effective 
urface elastic constants in a similar manner as for nonrandom cases. 
. Solution 
Procedure 
two dimensions. Our work can be readily extended to three 
imensions. However, the calculations are quite tedious with relatively little prospects 
              
 
s
 
 
 
IV
 
IV.I. General 
 
    We now specialize to 
d
for (additional) novel insights. We will employ two coordinate systems. The first one is 
the standard Cartesian frame 1 2( , )e e  aligned along the nominally flat surface while the 
second one ( , )e en s  is the unit normal and unit tangent along the curve. (See Figure 1)  
ne
se
 
y
Nominal flat 
surface ( )y h x=
x
Figure 1: A rough surface profile 
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    If the surface is given by ( )y h x= , we have the following differential geometry results 
for plane curves (Frenet formulae): 
 
              
2 2
,       ,          ,       ,
1 1
1 2 x x 1 2 s n
s n n
x x
s
e h h e e de dee e e e
ds dsh h
e κ κ+= = = = −+ +  (22)
 
where
+ −
( )3/221 xxx
h
h
κ =
+
 is the curvature. Let be the displacement. On the 
surface
2:u B→ \
B∂ , let su and 
      
nu be the displacements in the tangential and normal directions, 
 
s s n nu e u eu =                                              + . (23)
 
By (4), the surface strain is given by 
 
                                      ,      sss s s ss n
ue e - u
s
ε ε ε κ∂⎛ ⎞= ⊗ = ⎜ ⎟∂⎝ ⎠
s  (24)
 
  
By (5) and (6), the surface stress is given by 
                              ,       2 .o s s s sS e e k e e ks s ss s sτ ε λ μ= ⊗ + ⊗ ≡ +                      (25)
 
W ce strain-st ss relation is reminiscent of th iliar 
ulk strain-stress relation for plain strain. By (25), the boundary condition (7) is now re-
e remark that the above surfa re e fam
b
written as 
 
                             ( ) ( )o s s ssn ss n se k e k esετ κ κε ∂⎛ ⎞= + + ⎜ ⎟∂⎝ ⎠        B∂u∇^   on                                         
ondition to Cartesian coordinates using 
on of small-roughness, the 
ace may be approximated by 
 
(26)
   
   Below we convert the above boundary c
xpressions in Appendix A. In regard of the assumptie
displacement on the rough surf
2
2 2      [ ] 0 0 2( )
0 0
( , ) ( ,0) ( ) ( )
2y h x y y
u x y u x h x h x
y y
δ δ=
= =
= + + + ⋅⋅ ⋅⎢ ⎥⎢ ⎥∂ ∂⎣ ⎦ ⎣ ⎦
, (27)
 
here we h
( , ) 1 ( , )u x y u x y⎡ ⎤⎡ ⎤∂ ∂
ave assumed that the Taylor expansion is valid around the surface. Inserting 
(10) and (27) into (26) and keeping terms up to 
w ( )2O δ , we find the boundary conditions 
on the nominal flat surface for ( )( ) 0,1,2iu i = , i.e., the right hand side of (12) as follows. 
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( ) (0)(0) (0) (0) (0) (0), ,                 ,        0,s xxx y x yt t t t k txε∂= = =∂        (28)
 ( )(1) (1) (1),x yt t t= ,      
(0) (1) 2 (0)
(1) (0)
0 0 0
xy s sxx xx
x x xxt h h k k hy
(0) (0)
(0)
0 0 0        2 2 + ,
xys s s xx
xx xy x x
x x y
σ ε εσ ∂ ∂ ∂= − + +∂ ∂ ∂ ∂
k h k h k h
x y
ε εε ∂ ∂+ + ∂ ∂
 
(0) (0)
(1) (0) (0) ( )yy o s s xxt h h k h0 0 0 0 0( )y x yx xx xx xx xh k hy x
ε+∂ ∂
  
and 
σ εσ τ∂ ∂= − + +  
(29)
( )(2) (2) (2),x yt t t= , 
( )
(1) 2 (0)(0)
(2) (1) 2 (0) 2
0 0 0 0 0 0 0 02
(2) 2 (1) 3 (0) (0)
2(0) 2
0 0 0 0 02
(1)
0
1 1
2 2
1         
2
         2 2
xy xy oxx
x x xx x x xy x xx
s s s s sxx xx xx xx
x xx xx x
s s
xx xy
t h h h h h h h h
y y y
k h h k k h k k hh
x x y x y x
k h k
σ σσσ σ τ
ε ε ε εε
ε
∂ ∂∂= + + − − −∂ ∂ ∂
∂ ∂ ∂ ∂− + + + −∂ ∂ ∂ ∂ ∂ ∂
+ +
( )
( )
(0) (1) 2 (0)
0 0 0 0 0
(0) (0) (1)
(0) (0) 2
0 0 0 0
(0)2 (0)
2
0 0 02
2 2
1         2
2
         2 ,
xy xy xys s
xx x x
yys s sxx xx
x xx yy xx x x
xys sxx
x x
h h k h k h h
y x x y
k h h k h k h
x x y
k h h k h
ε ε ε
ε ε εε ε
εε
∂ ∂ ∂+ +∂ ∂ ∂ ∂
⎛ ⎞∂ ∂ ∂+ − + − +⎜ ⎟∂ ∂ ∂⎝ ⎠
∂∂+ + ∂
 
y y∂
(0) (1) 2 (0)
(2) (1) 2 (0) 2 (1)
0 0 0 0 0 0 02
(0) (1) 2 (0)
(0) (0)
0 0 0 0 0 0 0 0 0
0 0
1 1
2 2
         + 2 2
         +2
yx yy yy s
y x yx x x yy xx xx
s s s s sxx xx xx
xx x xx xy x x x xx xy
s
x x
t h h h h h h k h
y y y
k h h k h h h k h h k k h h
y x x y
k h h
σ σ σσ σ
ε ε εε ε
∂ ∂ ∂= + + − − +∂ ∂ ∂
∂ ∂ ∂+ + + +∂ ∂ ∂ ∂
ε
(0) 3 (0)(0) (1) 2 (0)
0
0 0 0 0 0 0 02
(0) (0)(0)
(0) 0
0 0 0 0 0 0 0 0         +2 2 ,
xy ys sxx xx xx
x x x x x
xy ys s s xx
x xx xy x x x x x xx
u
k h h h h h k h h k s
x y x y x
u
k h h k h h k h h h h
x y x
ε ε ετ
ε εε τ
∂ ∂∂ ∂+ + + +∂ ∂ ∂ ∂ ∂
∂ ∂∂+ + −∂ ∂ ∂
x y
ε∂
∂ ∂
(30)
 
where , 
2
0
0 2xx
hh
x
∂= ∂
0
0x
hh
x
∂= ∂ , etc. We remark that the elasticity problems (11) and (12) 
for are now the classical Cerruti-Boussinesq half-space problems whose 
an be found in text books, e.g., Johnson, 1985. Upon specifying the surface 
, we can solve (11) and (12) for the elastic fields, compute the 
( )( )  0,1,2iu i =  
solutions c
roughness profile 0( )h x
 9
total elastic energy (13) and (14) and find the effective properties of the nominal flat 
surface by using (15). Below we present the detailed calculations for a sinusoidal 
surface and a random surface. 
 
 
Sinusoidal roughness profile 
 
    To fix the idea we first consider a sinusoidal rough surface. Let the surface be given 
by  (( ) cosh x a kx= 1akδ = << ). This rough surface may be regarded as a perturbation of 
the flat surface{ }( , ) :  0x y y = : 
 
0( ) 0 cos
ak kx h
k
h x δ= + = ,                               0 coskxh k= ,      1akδ =        (31)
 
    Assume that the far-field stress is given by 1 1e eσ σ ∞= ⊗ . By (28)-(30), 
 
(0) (0)0,       0,      x yt t= =    (32)
2
(1) (1)σ τ∞= − = − (1 )sin ,      cos ,       o sx yt kx t k k kxE
ν σ ∞⎛ ⎞−+⎜ ⎟⎝ ⎠                          (33)
x   (34)
re the consta s
(2) (2)sin 2 ,      cox yt kx tβ γ= = s2 ,      k
  
whe nt  β and γ are given by 
 
( ) ( )2 22 21 11 5 1 2(1 )2 2
2 2
o s s o sk k k k k k k k
E E E E
ν νν ν ,sβ σ τ σ τ σ σ∞ ∞ ∞⎛ ⎞− −− += + + + + +⎜ ⎟⎜ ⎟⎝ ⎠
∞
and 
( ) ( )2 2
(35)
2(1 2 )(1 ) s o sk k k
E E E
1 1
2 skk
ν νν ν σ∞ ∞⎛ ⎞− −− + +
⎝ ⎠
 
The detailed calculations ar resented in Appendix C.  
 
   By solving (11) and (12), and the right hand side (12) given by
zeroth order strain field  
 
γ σ τ σ∞= − + +⎜ ⎟⎜ ⎟ . 
  
e p
 (32), we obtain the 
( )2(0) (0) 011 ,           in  xx yy BE E
ν ννε σ ε σ∞ ∞− +−= =  (36)
By solving (11) and (12), with the right hand side (12) given by (33), the first order 
strain field is given by 
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( ) ( ) ( )
( ) ( )
22
(1)
2
0
11 2 1 c
1(1 )          1 cos                in  ,
ky o s ky
xx
ky o s ky
ky e k k ky e kx
E E
kye k k ky e kx B
E E
ννε σ τ σ
νν ν σ τ σ
∞ ∞
∞ ∞
⎧ ⎫⎛ ⎞−− ⎪ ⎪= − + − + + −⎜ ⎟⎨ ⎬⎜ ⎟⎪ ⎪⎝ ⎠⎩ ⎭
⎧ ⎫⎛ ⎞−+ ⎪ ⎪− + + −⎜ ⎟⎨ ⎬⎜ ⎟⎪ ⎪⎝ ⎠⎩ ⎭
 
os
( ) ( ) ( )
( ) ( ) ( )
2
os
1 cos
ky
o s ky
e kx
k k ky e kx
E E
τ σ ∞
⎪⎬⎪ ⎪⎝ ⎠⎩ ⎭
+ + −⎜ ⎟⎜ ⎟⎪ ⎪⎝ ⎠⎩ ⎭
      
(1) 1(1 ) 2 1ky o syy ky e k k kyE E
νν νε σ τ σ∞ ∞⎧ ⎫⎛ ⎞−+ ⎪= − − + − + +⎜ ⎟⎨ ⎜ ⎟
22 11          kyky e
νν σ ∞⎧ ⎫⎛ ⎞−− ⎪ ⎪+ ⎨ 0
c
⎬ in  B , 
( ) ( )2(1) 1(1 ) 1 sky o s kyxy ky e k k kye kxE E
ννε σ τ σ∞ ∞⎧ ⎫⎛ ⎞−+ ⎪ ⎪= − + − +⎜ ⎟⎨ ⎬⎜ ⎟ in         
0in  B . 
⎪ ⎪⎝ ⎠⎩ ⎭
(37)
y solving (11) and (12), with the right hand side (12) given by (34), the second order 
solution is obtained 
 
 
 B
( ) ( ){ }
( ){ }
2
(2) 2 2
2 2
1 2 1 cos2 1 2 cos2
(1 )          2 cos2 1 2 cos2
ky ky
xx
ky ky
ky e kx ky e kx
E
kye kx ky e kx
E
νε β γ
ν ν β γ
−= + + +
+− − + −
−
            0in  B .     (38)
    We remark that the energy contributed by strain fields, and , are negligible 
compared with 
(2)
xyε (2)yyε
2δ . We therefore do not present them here.  By using the relations in 
Appendix A and the Taylor series extrapolation, surface strain on the rough surface is 
given by 
 
[ ] ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( )
2 2 2
( )
2 2 2
2
2
1 1 11 2 1
2 cos
1 1 1 1
3 2 cos
                 ,
sin cos2
o s
ss y h x
o s
k k kx
E E E E
k k kx
E E E E
kx kx
ν ν νν νε σ δ τ σ σ
ν ν ν ν νσ τ σ σ
δ
σ η
∞ ∞ ∞
=
∞ ∞ ∞
∞
⎧ ⎫⎛ ⎞− − −− +⎪ ⎪= + − + −⎜ ⎟⎨ ⎬⎜ ⎟⎪ ⎪⎝ ⎠⎩ ⎭
⎧ ⎫⎡ ⎤⎛ ⎞− − − +⎪ ⎪⎢ ⎥− − + − +⎜ ⎟⎜ ⎟⎪ ⎪⎢ ⎥⎝ ⎠⎣ ⎦+
+ ⎪⎭
 (39)
where 
21
E
ν
⎨ ⎬⎪ ⎪++⎪⎩
 
2(1 2 )(1 ) 2(1 )
E E
ν ν νη γ β− + −= + . 
      
As mentioned in Sec. III, our homogenization scheme requires calculation of the total 
energy under the action of the applied stressσ ∞ . Inserting (36)-(39) into (13), we obtain 
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 ( ) ( )
( ) ( )( )
(0) (0) (1) (0)
( ) 2 2
2 (2) (0) (1) (1)0
21 1 1 sin
2 2
h xactE kxdxdy
λ ε ε δε εσ δλ δ ε ε ε ε
∞
−∞
⎛ ⎞⋅ + ⋅ +⎛ ⎞= + +⎜ ⎟⎜ ⎟ ⎜ ⎟+ ⋅ + ⋅⎝ ⎠ ⎝ ⎠∫ ∫
^ ^
^ ^  (40)
0 0 2 2
0
1 1               1 sin .
2 ss ss s ss ss
kxdx
λ ε ε ε ε δλ
⎛ ⎞+ ⋅ +⎜ ⎟⎝ ⎠ ∫ ^- -
 
where ssε is given by (39). By (14), 
 
( )
( )( ) ( )( )( )
0 (0) (0)
0
(0) 0 (0) 0
1 1 1 10
1 1
2
1                ,
eff
eff effeff
xx s s xx s
E dydx
e e e e dx
λ
λ
σ ε ελ
ε ε ε ελ
∞
−∞
⎛ ⎞= ⋅⎜ ⎟⎝ ⎠
+ ⊗ − ⋅ ⊗ −
∫ ∫
∫
^
^
 (41)
 ( )2(0) 1
xx E
νε σ ∞−= is given by (36). Let  where 
 
                                                                   ( ) ( )0 01 1eff effeffs se eτ ε= ⊗ ⋅^  (42)
 
and 
                                                                
f e   ( ) 1 1 1 1effs efsk e e e= ⊗ ⋅ ⊗^ . (43)
 
Therefore by , we have the effective properties of the rough surface given by 
 
act effE E=
( ) ( )( )
22
22
0
1
act
effs EEk
σ
σ
ν σ ∞
∞
∞
=
∂⎛ ⎞= ⎜ ⎟−⎝ ⎠ ∂
.       ) ( ( )0 acteff EE στ ∞2
0
1
σ
ν σ ∞∞ =
∂⎛ ⎞= ⎜ ⎟− ∂⎝ ⎠   and     (44)
 
 Inserting (36)-(39) into (40), by (44), we obtain  
 
( ) ( ) ( ) ( ) ( ) ( )2 2 20 2 221 8 1 1 2 131 4 8 2eff o skk k kE Eν ν ν ντ τ δ
⎡ ⎤⎛ ⎞+ + − += + − − +⎢ ⎥⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
,
s  (45)
  
( ) ( )
( )
( )
( ) ( ) ( )
( ) ( ) ( )
2 2
32
22
2 21effs s kk k νδ −⎜= +
2
9 8 1 2 11
8 1 4
1 24 7
8
s s
s
E k k k
E
k k
E
ν ν ν
ν
ν ν
⎛ ⎞− − +− + + +⎜ ⎟− ⎟⎜ ⎟+ − +⎜ ⎟⎜ ⎟⎝ ⎠
. 
 
(46)
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If 1
skk  , equations (45) and (46) can be further simplified as 
E
 
( )0 23o 1 4eff                                               τ τ δ ⎞= −⎜ ⎟⎝ ⎠  ,                
                                        
⎛ (47)
  
and 
( ) ( )
( )
( )2 2
9 8
8 11
effs s Ek k
k
νδ νν
−= − −− , (48)
 
respectively. 
 
 
Random roughness profile 
 
    For random rough surfaces, which are typical for materials that are not artificially 
engineered, we need to find the average displacement ( )iu  and the fluctuating 
 over an ensemble of the surface roughness (Eguiluz and Maradudin, 
such that 
                   
( )iQudisplacement 
1983a, 1983b). Recall two useful operators P and Q, which are 
( )( ) ( ) ( ) ( ) ( ) ( ),       1,       .i i i i iPu u P Q u P Q u u Qu= + = ≡ + = +  i (49)
 
We remark that the fluctuation is at the order of( )iQu  ( )i    0,1,2,Pu iδ ∀ = ⋅⋅ ⋅ , which will be 
peatedly used below. We fu r assume that the random roughness satisfies that for 
stant
re rthe
 0η >a con , 
 
                                             (50)2 2( ) 0,      ( ) ,    Ph x Ph x η= =  
 
whereη is the standard deviation of the roughness.  
ations (28)-(30) and assuming that
 
    Applying operator P to equ  0 0,  1h h hδ= ∼ lead to 
the following results 
 
(0)
(0) xxs
xt k x
ε∂= ,       (0) 0yt = , (51)∂
 
(1)(0) 2 (0)εσ ∂∂(1)
xt P h
⎡ ⎤ (0)
0 0 0
(0) (0)
(0)
0 0 0            +2 2 ,
xxxy s s xx
x xx
xys s s xx
xx xy x x
Q QP h Q k k P h
y x x y
Q Qk P h Q k P h k P h
x y
εσ
ε εε
⎡ ⎤∂⎡ ⎤+ + + +⎥= − ⎢ ⎢ ⎥⎣ ⎦∂ ∂ ∂ ∂⎣ ⎦⎣ ⎦
⎡ ⎤∂ ⎡ ⎤∂⎡ ⎤ + +⎢ ⎥ ⎢ ⎥⎣ ⎦ ∂ ∂⎣ ⎦⎣ ⎦
 (52)
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(0) 0)
(1)
0 0 0 0 0
yy o s
y x yx xx xx xx x
Q
t P h P h Q h k P h Q k P h
y x
σ σ τ ε⎡ ⎤∂
(
(0) (0) s xxQε⎡ ⎤⎡ ⎤ ⎡ ⎤= − + + + +⎢ ⎥ ∂⎢ ⎥⎣ ⎦ ⎣ ⎦∂ ∂⎣ ⎦⎣ ⎦
, 
 
[ ] [ ]
[ ] [ ]
(0) (1)
(2) (1) (0)
0 0 0
2 (0) (2) 2 (1)
0
3 (0)
1
2
1  
xx xy
x x xy
xxs s xx
Q
P h h h
y y
Qk k P h
x x y
σ σσ
σ ε ε
∂ ⎡ ⎤∂+ − −⎢ ⎥∂ ∂⎣ ⎦
∂ ∂
0 0 0x x xx xt P h Q P h h Pσ⎡ ⎤= +⎣ ⎦
2 (0)
0 0 0 02          2
xy o s
x xx x xx xxP h h k P h hy
η τ ε ⎡ ⎤∂+− − − + ⎢ ⎥∂ ∂ ∂∂ ⎣ ⎦
2
2
1            
2
xxsk
x y
εη ∂+ −∂ ∂ [ ] [ ]
[ ] [ ]( )
[ ]
(0) (0)
0
2 (0)(1)
(0) (0)
0 0 0 0 0
) )
0 0 0
            2 2 2
1             +
2
xy
xyxys s s
x x x xx yy xx
xxs s
x x
y
k P h k P h h k P h h
x x y
k P h h k P h
x x
εε ε ε
ε
∂
∂⎤+ + + − +⎢ ⎥∂ ∂ ∂⎣ ⎦
⎛ ⎞∂− +⎜ ⎟⎜ ⎟∂ ∂⎝ ⎠
(1)
0 0 0 02 2
xxs s s
x x xx xy xxk P h h k P h Q k P h hx
Q
ε εε∂ ∂⎡ ⎤+ +⎣ ⎦∂
⎡ ∂
(0 (0
yyε∂ [ ]
[ ]
2 (0)(1)
0 0 2
(0)
0 0            +2 ,
xxsxx
x x
xys
x x
Q k P h h
y y
k P h h
y
εε
ε
∂⎡ ⎤∂ + +⎢ ⎥∂ ∂⎣ ⎦
∂
∂
 
 
2 (0)(1) (0)
(2) 2 (1)
0 0 02
(0) (0)(1)
(1) 2 2
0 0
(0
0 0
1
2
              2
                
yyyy yx
y x yx x
xy xxs s s sxx
xx xx x
s xx
xx
Q Q
t P h P h Q P h h
y y y
Qk P h Q k P h k k
x x
Qk P h h
σσ ση σ
ε εεε ε
ε
∂⎡ ⎤ ⎡∂ ∂⎡ ⎤= − − + + +⎢ ⎥ ⎢⎣ ⎦∂ ∂ ∂⎣ ⎦ ⎣
∂ ∂⎡ ⎤∂⎡ ⎤+ + + +⎢ ⎥⎣ ⎦ ∂ ∂⎣ ⎦
∂
0
y
ε
⎤⎥⎦
+∂
) 2
(0)
0 0 0 0
(0)
0 0
2
              2 .
s s xx
x xx xy x
s
x xx xy
Qk P h h Q k P h h
y x
k P h h Q
εε
ε
⎡ ⎤ ⎡ ⎤∂⎡ ⎤+ +⎢ ⎥ ⎢ ⎥⎣ ⎦∂ ∂⎣ ⎦ ⎣ ⎦
⎡ ⎤+ ⎣ ⎦
 
(0)
y
+∂
(53)
    
 Equation (18) with ( )it given by (51)-(53) prescribe the traction boundary conditions for 
( )iu  on the average, nominal surface. The average displacement ( )iu  can then be 
obtained by solving (17) and (18) which are again the Cerruti-Bossinesq problems. 
From (52) and (53) we observe that in order to find the average displacement ( )(1) (2) u u , we have to a priori find the fluctuation ( )(0) (1) Qu Qu
. The results are as follows.  
. The fluctuations 
satisfy the boundary value problems (19) and (20). To find the right hand side of (20), 
we act on (28)-(30) with the operator
 
( )iQu  
Q
(0)
(0) s xx
x
QQt k
x
ε∂= ∂ ,       , (54)
 
(0) 0yQt =
 14
(0) 2 (0)(1)
(1) (0) (0)
0 0 0 0
(0) (0)
0 0
2
           2 ,
xy xxs s sxx
x x xx xx xy
xy xxs s
x x
QQt h h k k h k h
y x x y
k h k h
x y
σ εεσ ε
ε ε
∂ ∂∂= − + + + +∂ ∂ ∂ ∂
∂ ∂+ +∂ ∂
    
(0) (0)
(1) (0) (0)
0 0 0 0 0
yy xxo s s
y x yx xx xx xx xQt h h h k h k hy x
σ εσ τ ε∂ ∂= − + + + +∂ ∂  ,                
(55)
 
( )
( )
(0) (1)
2(2) (1) (1) (0)1
    
xx xy
x xQt h Q h h h h h
σ σσ σ σ∂ ∂= + + + −0 0 0 0 0 0
2 (0)(1) (2)
2 (0)
0 0 0 0 0 02
2 (1) 2 (1)
0 0
2
1       
2
1            +
2
x x xx x x x xy
xyxy o s s xx
x xx x xx xx
xxs s sxx
y y
Q Qh h h h k h h k
y y x
Qk h k h k
x y x y
σσ ετ ε
ε ε
∂ ∂
∂∂ ∂− − − − + +∂ ∂ ∂
∂ ∂+ +∂ ∂ ∂ ∂ ( ) ( )
3 (0) (0)
2 2
0 02
(0) (1) (1)
(1) (1)
0 0 0 0 0 0           +2 2 2 2 2
xx xxs
x
xy xy xys s s s s
xx xy xx xy xx x x
h k h
x y
Q
k h k h Q k h h k h k h
y x
ε ε
ε ε εε ε
∂ ∂− +∂ ∂
∂ ∂ ∂+ + + +∂ ∂
( ) ( ) (0)2 (0) 2(0) (0)0 0 0 0 0 1         2 2 2yyxys s sx x xx yy xx x
x
x
Q
k h h k h h k h
x x
εε ε ε
∂
∂
∂ ∂∂+ + − + −∂ ∂
 
y∂
( )
(0)
(1) 2 (0) (0)(1)
2
0 0 0 0 02          + 2 ,
xx
xx xx xys s s sxx
x x x x
x
Qk h k h k h h k h
y y y y
ε
ε ε εε
⎛ ⎞⎜ ⎟⎜ ⎟∂⎝ ⎠
∂ ∂ ∂∂+ + +∂ ∂ ∂ ∂
 
(0) (1) (1)
yyσ(2) (1) (1) 2 (0)
0 0 0 0 0 0 0
2 (0) (0)
2 (1) (1) (0)
0 0 0 0 0 02
(1)
0 0
1
2
1          2
2
          
yx yy
y x yx x yx x x yy
yy xxs s s s
xx xx xx xx xx
xxs s
x x
Q
Qt h Q h h h h h h
y y y
h k h k h Q k h h k h h
y y
k h k h
x
σ σσ σ σ
σ εε ε ε
ε
∂ ∂ ∂= + + + − −∂ ∂ ∂
∂ ∂− + + + +∂ ∂
∂+ +∂
0x xx xy
2 (0)(1)
(0)
0 0 0 0
(0) (0)
0 0 0 0
2
           +2 .
xxs sxx
x x xx xy
xy xxs s
x x x x
Q h h k k h h
x x y
k h h k h h
x y
εε ε
ε ε
∂∂ + + +∂ ∂ ∂
∂ ∂+∂ ∂
(56)
 
   Similar to the sinusoidal rough surface, we assume that a far-field 
stress is applied on the half-space. Below we show the solutions for 
average 
 
1 1e eσ σ ∞= ⊗
( )iu  and fluctuating  for ( )iQu 0,1,2i =  with the following sequence. Solving 
with the right hand side of (18) given by (51), we obtain(17) and (18) for 0i =  (0)u , 
20) given by (54), we obtain 
. Similarly, solving (17) and (18) for 
then solving (19), (20) for 0i =  with the right hand side of (
1i(0)Qu =  with the right hand side of (18) given by 
(52), we obtain (1)u  and solving (19), (20) for 1i =  with the right hand side of (20) 
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given by (55), we obtain . Again, solving (17) and (18) for (1)Qu 2i =  with the right hand 
side of (18) given by (53), we obtain (2)u  and solving (19), (20) for with the right 
calculations are presented in Appendix D.  
 
By (51), 
2i =  
. We remark that the detailed hand side of (20) given by (56), we obtain (2)Qu
(0) (0) 00,     0           
 Then the zeroth order average strain field is given by 
            on   x yt t= = . (57) 
    
 
B∂
( )2(0) (0) 11 ,      ,     =0         in xx yy xy (0) 0.BE E
ν ννε σ ε σ ε∞ ∞− +−= = (5
   
  In order to find the first order average strain field, we need  
fluctuating strain field. By (54),  
 
                 
first to find the zeroth order
8) 
(0) (0)0,       0,        x xQt Qt= = 0on   B∂ . (59) 
 
 So the zeroth order fluctuating strain field is obtained as 
  
B                                           (60) 
 
(0) (0) (0) 00              in  .xx xy yyQ Q Qσ σ σ= = =
Consequently by (52), 
 
(1) (1)0,           0 x yt t= =            0on  B∂ . (61) 
 
Then the first order average strain field is obtained as 
 
(1) (1) (1)
xx xy yyε ε ε= = =           0in  0.   B .               (62) 
Similarly, in order to find the second order average strain field, we need first to find the 
first order fluctuating strain field. By (55), 
 
 
2
(1) (1)
0
(1 ),       )o s o 0(x x yQt h Qt hE
νσ τ τ σ ∞∞ ⎛ ⎞−= = +⎜ ⎟⎝ ⎠           
0on  xxk − B∂ . (63) 
     
 The first order fluctuating strain field is obtained as  
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( )
( )
( )
2
(1 ) 1                     ( ) ( ) 1 ,
2
i x y
i x y
y e d
i f y p y e d
E
α α
α α
α α α
ν ν α α α α απ
+
∞ +
−∞
⎡ ⎤⎛ ⎞ −⎥
+ ⎡ ⎤− − + −⎣ ⎦
⎦
∫
(1) 1 1( , ) ( ) 2 ( ) 1
2xx
Q x y f i y p
E i
νε α α απ α
∞
−∞
−= − + + +⎢ ⎜ ⎟⎝ ⎠⎣ ⎦∫
(1) (1 )( , ) ( ) 1 ( ) ,          
2
i x y
xyQ x y f y i p y e dE
α ανε α α α α απ
∞ +
−∞
+ ⎡ ⎤= + −⎣∫ 0             in  B    (64) 
( )
( )
2
(1) 1 1( , ) ( ) ( ) 1
2
                      ( ) 2 ( ) 1 ,
2
i x y
yy
i x y
Q x y i f y y e d
E
f i y p y e d
E i
α α
α α
νε α α α α απ
α α α α απ α
∞ +
−∞
+
−∞
− ⎡ ⎤= − + − −⎣ ⎦
⎤− − + + +⎢ ⎥⎜ ⎟⎝ ⎠⎣ ⎦
∫
∫
 
p
(1 ) 1 αν ν ∞ ⎡ ⎛ ⎞+
where 0( ) ( ) ( )f i hα σ α∞= α and 
2
2
0
(1 )( ) ( ) ( ) ( )o s op k i
E
ν hα τ τ σ α∞⎛ ⎞−= + −⎜ ⎟⎝ ⎠
.α  
The second order average boundary conditions are summarized to 
 
 
(2) (2)0,            0x yt t= =               0on  B∂ .                               (65) 
   
 and the second order average ield i  as 
 
 strain f s obtained
(2) (2) (2) 0.xx xy yyε ε ε= = =                0in  B .       (66) 
    
 We also need to find the second order Q -terms in order to find the total energy later. 
By (56), 
 17
2
(2)
0 0 0
2
0 0 0
0 0 0 0
1 (1 )2 ( ) ( )
2
1 (1 )             2 ( ) ( )                          
2
             
i x o s
x x xx
i x o s
xxx
o s
x xx x x
Qt h h e d k h x
E
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E
h h k h h
α
α
νσ α α α τ σπ
νσ α α α α τ σπ
τ
∞ ∞
∞ −∞
∞ ∞
∞ −∞
⎛ ⎞⎛ ⎞−= − + + −⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
⎛ ⎞⎛ ⎞−− − +⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
− −
∫
∫
2
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2 2 2
3
0 0
0
0
(1 )                                                                         on  
1 1 (1 ) 13 ( ) 2 ( )
2             +
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x
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s
xxx
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E
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E E Ek h
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α
ν σ
ν ν νσ τ σ α α απ
ν ν σ
∞
∞∞
∞ −∞
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α
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∫
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2 2 2
2
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0
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(1 ) (1 )           2
1 1 (1 ) 13 ( ) 2x − ( )
2            +
s s
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s
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x
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E E
k h h
E E
h k h e d
E E Ek h
α
ν νσ σ
ν ν νσ σ
ν ν νσ τ σ α α α απ
∞ ∞
∞
∞
∞
∞ −∞
⎟⎟⎟⎟
+ +⎛ ⎞ ⎛ ⎞+ + +⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠
⎛ ⎞+ −+ − − +⎜ ⎟⎝ ⎠
⎛ ⎞− − −+⎜ ⎟⎝ ⎠
0 ( )xxh xE
σ∞+⎜⎝
,
(1 )ν ν
∞⎛ ⎞⎜ ⎟⎜ ⎟⎜ ⎟+ ⎟⎠
∫  
(67) 
 
(2) (1)
0 0 0 ( )xxh x +
2
0
0 2
0
2
0
( ) ( )
1 1
              on  .
(1 )(1 2 ) (1 ) ( )
1
y x yx
i x
xx
o s
xx
x
Qt h x Q h x
B
x
E E
α
σ σ
νσ α α α
ν ν ν
ν σ
∞
∞
∞
∞
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⎛ ⎞−− + ⎟⎟ + ∂⎜ ⎟⎛ ⎞+ − −+ + ⎟⎜ ⎟⎠⎝ ⎠
−
02 ( )2
              ( )s
h e d
E
k h x
π∞ −∞⎜⎜+
∫
k hτ σ⎜⎝
2
2
             ( )s
i
E
k h x
α απ−+
0( )h e d−∞ +⎜ ⎟⎜ ⎟∫
2
0
(1 )(1 2 ) (1 ) ( )
i x
o s
xxxk h xE E
αα α
ν ν ντ σ
∞
∞
⎛ ⎞
⎜ ⎟⎛ ⎞+ − −+ +⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
  
     
       The solutions for the second order -terms are 
 
(68) 
Q
( )
( )
( )
2
(2)
0
(2)
1 1( , ) ( ) 2 ( ) 1
2
(1 ) 1                      ( ) ( ) 1                  in  ,
2
(1 )( , ) ( ) 1 ( )
2
i x y
xx
i x y
xy
Q x y g i y q y e d
E i
i g y q y e d B
E
Q x y g y i q y
E
α α
α α
ανε α α α απ α
ν ν α α α α απ
νε α α α απ
∞ +
−∞
∞ +
−∞
⎡ ⎤⎛ ⎞−= − + + +⎢ ⎥⎜ ⎟⎝ ⎠⎣ ⎦
+ ⎡ ⎤− − + −⎣ ⎦
+ ⎡ ⎤= + −⎣ ⎦
∫
∫
α
0                             in  ,i x ye d Bα α α∞ +−∞∫
 (69) 
 
where ( )g α and ( )q α are the Fourier transform of (67) and (68), respectively. 
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   By using the relations in Appendix A and performing the Taylor series extrapolation, 
the surface strain on the rough surface is obtained as 
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0 02
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(70) 
    
    Similar to the sinusoidal rough surface, our homogenization scheme requires 
calculation of the total energy under the action of the applied stressσ ∞ . Using the total 
strain fields as  , ,ij ij ijQ i j x yε ε ε= + =  and inserting into (13) we can find the ensemble 
average of the total energy  
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dy
(71)
    
We remark that the detailed calculations are presented in Appendix D.  By (14) and 
(41)-(43) and using act effE E= , we have the effective  
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    Consequently,  
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(73)
nd  a
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If 
⎝ ⎠⎜⎜ ⎟
1
sk
aE
 , equations (73) and (74) can be further simplified as 
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V. Discussion 
 
    We can use the simple expressions we have derived to make some assessments on 
 effect of roughness on the surface properties. Taking Copper as an example, with 
. (76)
 
 
 
the
Young’s modulus E  of 115 GPa, Poisson’s ratio ν  of 0.34, surface stress 1.04oτ ≈  N
and surface elastic c 3.16s ≈ −  N/m for the (001
/m 
onstant ) crystal
e consider a sin idal rou h
 k
ghness wit
 face (Shenoy, 2005). If 
uso  0.2ak =w  and wave lengthλ equal to at least 10 
nm, k will be of the order of  880
2 2
1
6.28 10π πλ −= = ×  m
-1 and by (47) the effective surface 
stress can be calculated to be 
 
                                 ( )0 0.97eff oτ τ=                              (77)
So for this rough surface is barely 3 percent less than the pristine value, 
 
( )0 effτ oτ . 
 
Likewise by (48), is obtained as  
 
                        
( )effsk
 ( ) ( )2 2 9 8 13.018(1 )1
effs s Ek k
k
νδ νν
⎛ ⎞−= − ≅ −⎜ ⎟−− ⎝ ⎠       (78)
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A dramatic change from the flat surface value of -3.16 N/m! Therefore, we can conclude 
that while residual surface stress is hardly affected by the roughness, the surface elastic 
parameters undergo a dramatic shift. It should be noted here that surface roughness 
can cause even change of sign in surface elastic depending on the extent of the 
roughness. Finally, as evident from the expressions for the both the periodic and 
random roughness case, even if the bare surface possesses zero surface elasticity i.e. 
roughness will “create” surface elasticity i.e. effective value of 0sk ≈ sk will be non-zero. 
 
omparison with  Weissmuller and Duan’s (2008) Results 
 
Weiss se of the curvature of 
antilevers to changes in their surface stress in the presence of the surface roughness 
is different from nominally planar surfaces. Considering surface residual stress for 
cantilevers, they concluded that deliberate structuring of the surface allows the 
magnitude and even its sign to be tuned. They have concluded that bending of the 
su lled by changes in in-plane component of the surface-induced stress, 
only. Their calculation shows that for the isotropic solid with a nearly planar surface 
otropy) is equal 
 
                                             
 
C
    muller and Duan (2008) showed that the respon
c
bstrate is contro
T
2θ
T
to 1  (assuming is
21
1
l
s
l l
f
T
h
ν θν
⎛ ⎞= −⎜ ⎟−⎝ ⎠
 (79)
 
where f is surface residual stress and lν is the Poisson’s ratio. Through their 
calculations, they assumed that f depends on the surface orientation but this 
assumption does not have any contribution in creating 21
1
l
l
ν θν
⎛ ⎞−⎜ ⎟−⎝ ⎠
term that show
the apparent action of 
s 
f will b d by a geometric effect that scales with the root-
mean-square of
e reduce
θ . 
 
    To compare our results w
sinusoidal. Then the average o
 ith theirs we assume that the roughness profile is co-
f square of inclination angle can be expressed as 
 
dh
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δ
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 order to calculate the maximum reduction in
2 2 2 2 2 2 2
0 0
sin sin
2
a k kx a k kx dx a k dx
dx λ λ= = = =⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠∫ ∫  
2 2
=
21
1
l
l
ν θν
⎛ ⎞−⎜ ⎟−⎝ ⎠
In , we select the value of 
0.2 for δ and 0.44 for ν  for Gold and then obtain 
 21
                              21 1 0.016
1
l
l
ν θν− = −−  (81) 
 
So based on the assumed range of δ  our model suggests that the reduction of the 
effective surface stress because of the roughness is 1.6 % while Weissmuller and 
s work shows 10 % reduction with assumption of 2 0.3θ = . The somewhatDuan’ 3  
rger shifts in the surface stress calculated by Weissmuller and Duan (2008) can only 
 (ours and Duan et. al.) 
assume “small roughness”, it is not clear whether our models are applicable for the 
 
 N
senso s in physical, chemical, and biological sciences. 
dsorp nsor may induce mass, damping, and stress 
ilever sensor technique is to monitor 
changes in the cantilever resonance frequency. The effect of surface stress on the 
resonance frequency of a cantilever have been modeled analytically by Lu et al. (2005) 
y incorporating strain-dependant surface stress terms into the equations of motion. 
la
be obtained for extremely large roughness. Since both works
large range of roughness that lead to the dramatic shifts in surface stress observed by 
them. . 
 
Resonance Frequency of Nano-cantilevers 
 
anofabricated cantilever structures have been demonstrated to be extremely versatile 
rs and have potential application
tion on surface of such a seA
changes of the cantilever response. One cant
b
 
    Consider a cantilever used as a sensor. The experimental quantity measured is the 
surface stress difference, s s su lσ σ σΔ = − , where s  and suσ lσ  are the surface stresses on 
the upper and the lower surfaces, respectively. In th se, the surface 
 
                         
e isotropic ca
stresses may be written as 
  ( )s o su u u ss ukσ τ ε= +    and   ( )s o sl l l ss lkσ τ ε= +      (82) 
 
where oτ  is the strain-independent surface stress, sk is a constant associated with the 
urfa train,ce s  ssε  s is the surface strain measured from the pre-stressed configuration, 
and the subscripts and always refer to the upper and lower surface, respectively. 
The surface stress difference can be written as 
 
                                                
u l  
1s oσ σ σΔ = Δ + Δ  (8
 
with 
3) 
o o o
u lσ τ τΔ = −  and ( ) ( )1 s su ss l ssu lk kσ ε εΔ = − . While the strain-independent part of 
the surface stress, oσΔ can have an impact on th requency (in a nonlinear 
setting), it is expected to be small. The strain-dependent part (i.e. surface elasticity) 
definitely will change the resonance frequency and
e resonance f
 can be expressed as 
 22
  ( ) ( )( )
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0
2
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3
s s
s u lk k
Eh
ω ω
ω
− +=                                                (84) 
 
where 0ω is the fundamental resonance frequency without considering surface elasticity, 
sω is the resonance frequency with surface stresses acting, h ickness and E  is 
Young’s modulus. Liu and Rajapakse (2010) as well came up with the same expression 
for resonance frequency shift considering surface energy. 
 
    To compare the change in resonance frequency of cantilevers with rough surfaces, 
we consider a beam that has a sinusoidal rough surface on top and flat surface on the 
bottom. 
 is the th
We have 
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u
Ek k k 9 8
8(1 )1k
νδ νν
⎞− ⎟−− ⎝ ⎠ . (85) 
⎛= = − ⎜
 
for top surface and s slk k=  for the lower surface. Then the change in resonance 
frequency can be obtained as 
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ω ω νδ ννω
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Compared to a cantilever with upper and lower flat surface with resonance frequency   
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2 2
0
2
0
3 2 ss k
Ehω = . (87) 
 
  Evidently, frequency shift will decrease significantly or even in some cases, may 
ω ω−
  
change sign. For instance for copper considering the (001) crystal face (Shenoy, 2005) 
if we consider a sinusoidal roughness with 0.2ak =  and wave length of 10 nm on top 
surface of cantilever, the change of resonance frequency would be expressed as   
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0 3roughω ω−
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rom its value of  
     
 f
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So quantitatively, the square of resonance frequency is shifted by 2.55 times. 
 
    consider aluminum with Young’s modulus of 70 GPa, 
Poisson’s ratio 
As another example, we E
ν  of 0.35,  N/m and  N/m for the (111) crystal face 
henoy, 2005). Then the resonance frequency of the cantilever with top rough surface 
 
0.91oτ ≈ 4.53sk ≈
(S
is calculated as 
                                                ( ) ( )( ) ( )
2 2
0
2
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3 3rough
Eh
ω ω
ω
− =  (90) 
 
 while in case of considering flat surfaces for cantilever it would be 
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( ) ( )
2 2
0
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3 9.06s
Eh
ω ω
ω
− = .                                                (91) 
  
In this case, the square resonance frequency is decreased by three times. 
h randomly and periodically rough surfaces. Residual 
ear to be significantly affected by the presences of 
---this appears to be in contrast to the conclusions of Weismuller and Duan 
(2008) although we do notice a dramatic change in the surface elastic modulus. The 
latter for example, as we demonstrated through simple 
xamples, should have significant impact on the way sensing data based on surface 
 
Ac
Appendix A: Useful Relations for Converting Parametric Coordinate to Cartesian 
Coordinate in Tw  
relations will be useful in converting 2-dimensional parametric 
esian coordinate. 
 
In summary, we have presented simple expressions for homogenized surface stress 
and surface elasticity for bot
urface stress does not apps
roughness-
illustrative quantitative 
e
effects is interpreted.  
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o Dimensions
 
    The following 
oordinate to Cartc
 
0( ) ( )h x h xδ= ,     1δ   ,  
 
(92) 
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ppendix B: General Procedure for Finding Elastic Fields for Cerruti-Boussinesq 
    Consider a half space defined by
2
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A
Problem Using Airy Stress Function 
 
    In this appendix, solutions involving general types of loading on half-spaces are 
considered. Such solutions are developed using Fourier transforms. The media are 
taken to be elastically isotropic. 
 
0y ≤ . The loading is specified by 
( ),       ( )xy yyf x p xσ σ= =        on   0y =  (93) 
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which describes a state of general normal and shear loading on the external surface of 
the half space. 
 
The nature of the loadings, ( )f x  and ( )p x , is such that it produces bounded stresses. 
Infinitely far into the bulk of the medium the stresses must be bounded, so that  
αβσ → ∞/    as     (94) 
 
As there are no body forces or temperature gradients, the Airy stress function satisfies 
the simple form of the biharmonic equation 
y→ −∞ .
4 4 4
4
4 2 2 42x x y y
φ φ φφ ∂ ∂ ∂∇ = + + =∂ ∂ ∂ ∂ .0  (95) 
 
Introduce the Fourier transform in spatial coordinate x ,  
dx (96) 
and it’s inverse  
( , ) ( , ) i xy x y e αα φ∞ −−∞Φ = ∫  
1( , ) ( , )
2
i xx y y αe dφ α απ
∞
−∞= Φ∫ . (97) 
 
 Apply the Fourier transform to the biharmonic equation (95), it is found that  
2 4
4 2
2 4( ) 2( ) 0i i y y
α α ∂ Φ ∂ ΦΦ + + =∂ ∂ . (98) 
 
The acceptable solution for the transform ( , )yαΦ , are of the form  
( , ) ( ) ( )y yy A By e C Dy eα αα −Φ = + + + . (99) 
 
The transform of the stresses are 
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The inverse transform follow immediately as  
 26
21 ( , ) ,
2
i x
xx
y e dαασ απ 2
1 ( , ) .
2
i x
yy
y
d
y e d
α
∞
−∞
∂ Φ= ∫
1 ( , ) ,
2xy
yi e
y
ασ α απ
∞
−∞
∂Φ= − ∂∫  (101) 
2 i xασ α∞ Φ∫ α απ −∞
∂
= −
 
ry conditions on 
 
    Next, invoke the boundary conditions specified above and form the Fourier transform
of the normal and tangential loading bounda 0y = , we have 
2
0
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ye dx e dx i f x e dx f
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y→ −∞ , it is clear that 
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whereas the transformed boundary conditions of (102) and (103) require that 
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The solution for the stresses is consequently 
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Appendix C: Calculation Detail for Solving Boundary Value Problems for 
Sinusoidal Roughness Case 
 
    After applying far field stress 1 1e eσ σ ∞= ⊗ , we solve the different order boun
value problems (11) and (12) for half space with flat surface (see Appendix B). By (28), 
we have the zeroth oreder boundary condition as 
dary 
(0)
(0) (0)0,         0.s xxx yt k tx∂
 
The zeroth order solution would be obtained as 
ε∂= = =        (109) 
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By (29), first order B.C. is  
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and the first order solution is 
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Using zeroth and first order solutions at 
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 More simplifying we would have 
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By solving the second order terms we are lead to the following results 
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(2) 2 22 cos2 (1 2 ) cos2ky kykye kx ky e kxσ β γ= − + −  ,yy
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Appendix D: Calculation Detail for Boundary Value Problems of Random Surface 
Profile 
 
    We apply a far-field stress 
2(1 ) (1ν ∞ ∞⎛ − −⎧ o s+⎜⎝
1 1xx e eσ σ ∞= ⊗  on the half-space, solve the different order 
oundary value problems (17) and (18) for ( )iu  and (19) and (20) for using the ( )iQub
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approach explained in Appendix B. By (51), we have the zeroth order boundary 
condition for average terms as 
(0)
(0) (0)0,       0xxsx yt k tx
ε∂= =∂  = (120) 
 
Zeroth order solution for average terms are 
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he boundary condition for -terms (54) would be rewritten as 
(122) 
 
And the zeroth order solution for -terms are obtained as  
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s 
 QT
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Q
(0) 0Qσ =
 
By (52), we have the first order boundary condition for average terms a
(1) (1)0,            0x yt t= =                                                (124) 
and the first order solution for average terms is  
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Similarly, using first order boundary condition for -terms (55), Q
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 first order solution for -terms are obtained as follows. 
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Q
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with 0( ) ( ) ( )f i hα σ α α∞=  and 
2
2
0
(1 )( ) ( ) ( )o sp k i
E
ν hα τ σ α∞⎡ ⎤−= +⎢ ⎥⎣ ⎦ α . 
 
    Consequently, by calculating (127) at 0y = , the second order B.C. (53) on average 
fields are rewritten as 
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By replacing by its Fourier integral representation 0( )h x 0 0
1( ) ( )
2
i xh x h e dξξ ξπ
∞
−∞= ∫ , (128) 
and (129) would be rewritten as 
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rface. For that purpo
rrelation function 
 
                                    
    We should note here that in order to solve second order boundary value problems we 
must specify the nature of the randomness of the su se we 
introduce the surface height co W  
2
0 0( ) ( ') ( ' )h x h x W x xη= − . (132) 
where η  is the root-mean-square departure of the surface from flatness and (0) 1W = . 
If with Fourier integral representation of   0( )h x
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be a zero-mean Gaussian random function, then, its Fourier coefficient 0( )h ξ  is also a 
zero-mean Gaussian random variable and possesses the properties (Maradudin, 2007)   
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where ( )g ξ is the one-dimensional Fourier transform of the surface height 
autocorrelation function ( )W x , 
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The characteristic length is the transverse correlation length of the surface roughness. 
It is a measure of the average distance between successive ‘peaks’ or ‘valleys’ on the 
surface. 
 
    Also, if and  and and be two linear and 
homogeneous operators, then (Sveshnikov, 1978)  
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Here the first equation is the expectation value of random variable , the second 
equation is the autocorrelation function of a random variable , and the third 
equation is the mutual or cross correlation function of two random variables 
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Therefore, we obtain 
0 0xxx( ) ( ) 0,h x h x =          0 0x xx( ) ( ) 0,h x h x =         (139) 
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(130) and (131) can be rewritten as 
 
   The second order boundary condition 
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y more simplifying we would have 
(142) 
And the second order solution for average stresses would be obtained as 
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(2) 0σ< >=             
 
We also need to find the second order solution for Q -terms. T econd order 
boundary conditions for Q -terms (56) would be rewritten as 
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The solutions f econd ord  obtained as 
 
  
or the s er Q -terms are
( )
( )
( )
(2)
(2)
2
(2) (1)
1( , ) ( ) 2 ( ) 1
( , ) ( )
(
1 (1 )( , ) ( , )
i x y
i x y
xy
xx xx
Q x y f i y p y e d
Q x y y i p y e d
f
Q x y Q x y
E E
α α
α α
ασ α α α α α
σ α α α α α
ν ν νε σ
∞ +
+
⎡ ⎤⎛ ⎞= − + + +
⎤− ⎦
− += −
∫2xx iπ α−∞ ⎢ ⎥⎜ ⎟⎝ ⎠⎣ ⎦
1 ( ) 1
2
fπ
∞
−∞
⎡= +⎣∫
(2) 1( , ) ) ( ) 1
2
i x y
yyQ x y i y p y e d
α ασ α α α α απ
∞ +
−∞
⎡ ⎤= − + −⎣ ⎦∫
( )
( )
(1)
2
(2) (1)
( , )
1 1                    ( ) 2 ( ) 1
2
(1 ) 1                   ( ) ( ) 1
2
(1 ) (1 )( , ) ( , ) ( ) 1
2
yy
i x y
i x y
xy xy
Q x y
f i y p y e d
E i
i f y p y e d
E
Q x y Q x y f
E E
α α
α α
σ
αν α α α α απ α
ν ν α α α α απ
ν νε σ α απ
∞ +
−∞
∞ +
−∞
=
⎡ ⎤⎛ ⎞− − + + + −⎢ ⎥⎜ ⎟⎝ ⎠⎣ ⎦
+ ⎡ ⎤− − + −⎣ ⎦
+ += = +
∫
∫
( ) ( ) i x yi p y e dα αy α α α∞ +−∞ ⎡ ⎤−⎣ ⎦∫
           
(146) 
 37
where ( )f α  and ( )p α are the Fourier transform of (144) and (145), respectively. 
 
By using the relations in Appendix A and performing the Taylor series expansion, the 
surface strain on the rough surface is obtained as 
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and gives us   
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In order to find the effective surface stress and effective surface elastic constant we 
make the ensemble average of total energy of the half space with rough surface equal 
to energy of a half space with flat surface and effective surface constants. 
 
                                        ( ) ( )act effE Eσ σ∞ ∞=                                   (149) 
 
For calculating we need to consider the energy terms up to first order of( )0 effτ σ ∞  and 
we call it E′ . For simplicity of presenting the proceeding calculation, we split E′ into two 
parts. 
 
                                    ( ) ( )1 2bulk bulk bulkE E E′ ′ ′= +                                  (150) 
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ore simplifying 
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Calculating the integration in y direction and doing the ensemble average in x  direction 
would yield 
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After doing some algebra we get to  
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More simplifying we would have 
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And finally we get 
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Similarly we calculate energy contribution of surface stress and surface strain and show 
the result as 
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At the end, the effective surface tension is obtained as    
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    In order to calculate the effective surface elasticity constant, we precede similarly as 
for finding effective surface stress except that this time we consider only the energy 
terms that are second order in σ ∞ . The detail calculation is not shown here. The final 
result would be obtained as 
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Appendix E: Finding Effective Surface Stress and Effective Surface Elastic 
Constant Considering Asymmetry Term, 0 suτ ∇  
 
In this appendix, the impact of asymmetry term of surface stress 0 suτ ∇  in the effective 
surface stress and effective surface elastic constant for the case of sinusoidal rough 
profile would be presented. The surface constitutive law for the considered model 
problem can be explained as 
 
                                            ( )0 0s s sS uε ε τ= + ∇^ s -     on    B∂ , (163) 
 
with boundary condition  
 
                                ( ) ( )0 0divn s s s su e uε ε τ⎡ ⎤∇ = + ∇⎣ ⎦^ ^ s -     on    B∂ . (164) 
 
su∇  that is an out of plane component of surface stress, can be expressed as 
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The surface stress can be expressed as summation of the in-plane and out-of-plane 
omponents denoted by Sσ and , respectively.Swc      
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B∂  Thus, the boundary condition on would be explained as 
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 Below we convert the above boundary condition to Cartesian coordinates. Inserting 
0) and (27) into (168) and keeping terms up to 
(168) 
  ( )2O δ(1 , we find the boundary 
conditions on the nominal flat surface for ( )0,1,2u i = , i.e., the right hand side of (12) 
as follows. 
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Similar to the previous cases, we proceed to solve the different order boundary value 
problems.  
 
Zero order B.C. 
                                              (172) 
 
Zero order solution 
=
(0) (0)0,       0.x yt t= =
(0) (0) (0),          0xx xy yyσ σ σ σ∞= =  
( )2(0) (0) (0) 11 ,        0,       ,xx xy yyE E
ν ννε σ ε ε σ∞ ∞− +−= = =                                      (173) 
 
First order B.C. 
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The first order solutions on the boundary
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econd order B.C.: 
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By more simplifying we would have 
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By solving the second order terms we are lead to the following results 
( )(2) 2 22 1 cos2 (1 2 ) cos2ky kyxx ky e kx ky e kxσ β γ= + + +  
 
(2) 2 22 cos2 (1 2 ) cos2ky kyyy kye kx ky e kxσ β γ= − + −  
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In order to find the surface stress on ( )y h x= , we use the transformation law in 
Appendix A and Taylor extrapolation that yield ssε  as 
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(183) 
 
Proceeding similarly as in for previous parts we calculate the total energy of the rough 
half space and then find the effective surface stress and effective surface elastic 
constant as below. The detail calculations are not presented here. 
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If 1
skk
E
 , equations (148) can be further simplified as 
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    (186) 
n, if 
+ − + + −⎜ ⎢ ⎥ ⎟+⎣ ⎦⎝ ⎠
 
1
skk
E
Agai , equations (186) can be further simplified as 
                         ( ) 2 2 9 8(1 ) 8(1 )effs s Ek k k νδ ν ν⎛ ⎞⎡ ⎤−= + −⎜ ⎟⎢ ⎥− −⎣ ⎦⎝ ⎠                                              (187) 
 
We conclude that the effect of asymmetry term in effective surface stress and effective 
surface elastic constant is negligible. 
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